A conjecture-generalization of Sondow's formula 



Petros Hadjicostas 
Department of Mathematics and Statistics 
Texas Tech University, Box 41042 
Lubbock, TX 79409-1042, USA 

By generalizing Beukers' arguments in one can easily deduce that (e.g., see 

Theorem 1 Let N be the set of all non-negative integers, and for all n G N\{0} let d n be the lowest 
common multiple of 1,2, ... ,n. Let r, s G N. 

(a) If r > s, then for all n G N, 

o Jo 1 ~ X V r - s k Z^ +1 k 

which is a rational number whose denominator is a divisor of d™ +2 . 

(b) If r — s, then for all n£N, 

L 1 jf t^ iW ** = ( - + ( c( - + 2) - 1 ■ 

(Note that the sum of numbers over the empty set is by definition zero.) 

(For related results see also the papers pQ, [5], 0! El EH E3, [13 El, and See & l so the books 
pp. 365-370] and 0] Appendix A2, pp. 372-381].) Using parts (a) and (b) of Theorem 1, it is easy to 
show that 

f I' [ - Hxv)] \l- X )d X dy = T{n + 2) 

Jo Jo 1 - xy 

for all n G N. This gives rise to the following conjecture: 
Conjecture 1 For z G C with $t(z) > —2, 
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The conjecture can probably be proven by generalizing Beukers' arguments in |2] and by using Fractional 
Calculus (e.g., see |TT]1. By taking the limit as z — > — 1 on both sides of i|0.1fl . one obtains Sondow's 
formula 
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where 7 is Euler's constant. (See and |T3]-1 
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